Abstract. The purpose of this note is to use general expanssive conditions and minimal type commutativity without continuity requirements to prove some fixed point theorems. The theorems extend known results from the class of compatible continuous expansive maps to a wider class of mappings.
Introduction
To generalize weakly commuting mappings, Jungck [1] introduced the concept of compatible mappings. When S and T are self mappings of a metric space (X,d), Jungck defines S, T to be compatible if (1) lim d(STx n , TSx n ) = 0 n-*oo whenever (x n ) is a sequence in X such that lim Sx n = lim Tx n = t, for n-*oo n-*oo some t G X . The concept of compatible mappings of type (A) is defined in [2] . To be compatible of type (A), S and T above have to satisfy, in place of (1) 
n->oo n-• oo
Examples are given to show that these concepts of compatibility are independent (Ex. 2.1 and Ex. 2.2 [2] ). Extending type (A) mappings, H. K. Pathak and M. S. Khan [6] introduced the so called compatible mappings of type (B), and defined S and T above to be compatible of type (B) if, in place of (1) [6] ). In [7] , H. K. Pathak, Y. J. Cho, S. M. Kang, and B. Madharia added an other extension of compatible mappings of type (A) called, compatible mappings of type (C). They define S and T above to be compatible of type (C) if, in place of condition (1), we have
n-»oo J Examples are given in [7] to show that compatible maps of type (C) need be neither compatible nor compatible of type (A) (resp. type(B)). In a recent paper Jungck and Rhoades [3] defined weakly compatible maps and showed that compatible maps are weakly compatible but converse need not be true. All of these concepts of commutativity have been used by many authors to prove fixed point theorems for contractive as well as expansive type conditions. Particularly, theorems of expansive type require commutativity condition and continuity besides an expansive condition. It is known from [l]- [3] and [6] - [7] , that all of the preceeding compatibility notions imply weakly compatible notions. However, as shown in the example below, weakly compatible maps need be compatible of neither of the above types. Our aim here is to prove some common fixed point theorems in complete metric space for a family of weakly compatible maps under general expansive conditions without need of continuity. Thus, we extend and improve previous results in this domain and particularly those of [8] and [9] .
Throughout this paper, X denotes a metric space (X,d) with the metric d.
Preliminaries
Two self maps A and <S of a metric space X, are called R-weakly commuting ( [4] ) at x € X, if there exists some real number R > 0 such that d(ASx, SAx.) < Rd(Ax,Sx). A and S are called pointwise R-weakly commuting if, given x €: X, there exists R > 0 such that d(ASx, SAx) < Rd(Ax,Sx). Pant [5] proved that pointwise i?-weak commutativity is equivalent to commutativity at coincidence points of the maps. Hence, the maps A and S are not compatible of type (C).
Implicit relations
Let 7Z+ be the set of all non-negative real numbers and let Q be the set of all continuous functions G(t\,... ,te) : -• TZ satisfying the conditions:
(Gi): G is non decreasing in variables ¿5, and t^.
(G2): There exists 6 G (1, +00), such that for every u, v > 0 with
we have u > Ov.
a > 0 and b > a + c. Gi). It is clear.
Ga). Let u, v G H+, and suppose that
where 02 = (f^) 1/2 > 1. Therefore, (G2) holds for 0 = min{0i, 02}. 
Common fixed point theorems
The purpose of this paper is to extend and improve the results of [8] and [9] by using general implicit relations, weakening compatibility and dropping continuity. Toward these facts, let us begin with the following theorem-. Having the property (Gi) in mind, and using the relations (2) and (3), we obtain
THEOREM 4.1. Let {X, d) be a metric space and A, B, S, T :(X, d) -> (X, d) four mappings satisfying the following conditions: G[d(Ax, t3y),d(Sx, Ty),d(Ax, Sx), d(By, Ty), d(Ax,Ty),d{By,Sx)]> 0 for all x,y E X, where G satisfies the property (G3). Then mappings A, B, 5, T have at most one common fixed point.

Proof. Suppose that A, B, <S, T have two common fixed points z and z' such that z^ z'. Then estimation (2) gives
An easy calculation shows that the sequence (y n ) is a Cauchy one. But since X is complete space, then there is a point z € X such that lim y n = z. that is d{y2n+l,y2n+2) < ^d(y 2n , J/2n+l)-Using (2) and Gj, the same argumentation shows that d{y2n,V2n+\) < ^(j/2n-l, V2n)-
Consequently, we have
Particularly, subsequences {Ax2 n +i), (Bx2 n +2), (¿>£2n+i) an<^ (^~x2n) converge also to z. By (i), z = A(u) = B(v) for some u, v G X. We show that, z = S(u). Indeed, by condition (2) we have,
Taking the limit as n -• oo yields
Thus, by Gb, we have S(u) = z, i.e.
S(u) = z = A(u).
We claim that z = T(v). To see this, note that by inequality (2), we have
It follows, as n -> oo, that
Using Thus, taking z = Tv = Bv in the above inequality, we obtain
This contradicts G3. Hence Az = z = Sz. Similarly, the pair of maps B and T is weakly compatible, we have TBv = BTv i.e, Tz = Bz. Condition (2) gives
Hence, by G3, z = Bz. Consequently, Az = Sz = z = Tz = Bz. Uniqueness of the common fixed point follows from Theorem 4. Proof. Letting i = 1, in inequality (5), we get exactly the hypothesis of Theorem 4.1 and Theorem 4.2 for the mappings <S, T, g\ and <j2, and so they have a unique common fixed point z. Now, 2 is a unique common fixed point for 5, T and g\ and for S, T and 52-Otherwise, if w is another fixed point for T and g\ with w / z, then by using (4) By the same method we prove that 2 is the unique common fixed point for both S, T and g 2 -Now, by letting i = 2, we get hypothesis of Theorem 4.2 for the mappings S,T,g 2 and <73, and consequently they have a unique common fixed point z'. Analougously, z' is unique common fixed point for S, T, g 2 and S, T, <73. Thus z = z'. In this way, we clearly see that 2 is the required point.
• REMARKS. AS it is seen, in Theorem 4.2 there is no appeal to continuity of maps used there, the weak compatibility is the least condition for maps to have fixed point, further the implicit relation G in the theorem is a general expansive condition. Thus, Theorem 4.2 is a generalization of results in [8] and [9] .
